The radially deformed Fourier transform, introduced in Ben Saïd et al. [Laguerre semigroup and Dunkl operators. Compos. Math. 2012;148:1265-1336, is an integral transform that depends on a numerical parameter a ∈ R + . So far, only for a = 1 and a = 2, the kernel of this integral transform is determined explicitly. In the present paper, explicit formulas for the kernel of this transform are obtained when the dimension is even and a = 2/n with n ∈ N. As a consequence, it is shown that the integral kernel is bounded in dimension 2.
Introduction
Harmonic analysis in R m is governed by the following three operators
with the Laplace operator and E the Euler operator. As observed in [1, 2] , the operators E = |x| 2 /2, F = − /2 and H = E + m/2 are invariant under O(m) and generate the Lie algebra sl 2 :
[
H, E] = 2E, [H, F] = −2F, [E, F] = H.
Recently, there has been a lot of interest in other differential or difference operator realizations of sl 2 or other Lie (super) algebras. The focus is, in particular, on the generalized Fourier transforms that subsequently arise. We mention the Dunkl transform, [3] various discrete Fourier transforms, [4, 5] Fourier transforms in Clifford analysis, [6] [7] [8] etc. For a more detailed review, we refer the reader to [9] .
A hard problem in this context is to find explicit closed formulas for the integral kernel of the associated Fourier transforms. This paper is concerned with a partial solution of this problem for one of the most important new realizations of this type.
The setup is as follows. It can be observed that the sl 2 relations also hold for the generalized operators |x| a , |x| 2−a and E + (a + m − 2)/2, with a > 0 a real parameter. One then has the following commutators
This was first observed, in the context of minimal representations, for a = 1 in [10, 11] and subsequently generalized to arbitrary a in [12] .
Remark 1
In fact, the paper [12] studied an even more general deformation, where the Laplace operator was replaced by the Dunkl Laplace operator. [13] As in that case, there is no hope to find explicit closed formulas for the a-deformation, we restrict ourselves in this paper to the ordinary Laplace operator.
The paper [12] was mostly concerned with the study of the associated Hermite semi-group given by
where ω is a complex parameter satisfying ω ≥ 0. This semi-group was studied in great detail and in particular an integral operator expression was found where the kernel is given as a series expansion. An important tool was the construction of an eigenbasis for the Hamiltonian H a = −(|x|
lengthy computations show
The set of functions {φ a j,k, } forms an orthogonal basis for the space L 2 (R m , |x| a−2 dx). In order to keep the resulting formulas as simple as possible, we restrict ourselves from here on to the specific semi-group parameter ω = iπ/2 (although our results easily extend to arbitrary ω). This yields the so-called radially deformed Fourier transform (FT)
where a suitable normalization has been added to make the transform unitary. A series expansion of its integral kernel is given in the subsequent theorem which was obtained in [12] .
with λ = (m − 2)/2, z = |x||y| and w = x, y /z. This series converges absolutely and uniformly on compact subsets and the integral transform
Formally, this theorem can be obtained by combining the integral identity [14, exercise 21,
with the fact that the Gegenbauer polynomial C λ k with λ = (m − 2)/2 yields the reproducing kernel for the space of spherical harmonics of degree k (cf. [15] ). This means that for ξ , η ∈ S
. The absolute and uniform convergence of the series is established in Lemma 4.17. [12] Note that for a = 2, the kernel K a (x, y) reduces to the usual exponential kernel of the ordinary Fourier transform:
see [16, Section 11.5] . Also when a = 1, a closed form is known, given by
This result was announced in [10] and proven in [11] using a rather cumbersome geometric construction.
For arbitrary a such a closed form is not available. Moreover, there are no bounds known on K a (x, y) for a = 1 or = 2. Also a characterization of the kernel K a (x, y) as the unique eigenfunction of a system of PDEs is not known.
The strategy we follow in this paper to determine an explicit formula for the series expansion in Theorem 1 depends on two essential steps:
• find a recursion property on the dimension • use a trick to find the explicit formula in dimension 2.
Using these two steps, we are able to find an explicit formula for the kernel of the radially deformed Fourier transform for a = 2/n with n ∈ N.
Remark 2
The paper is organized as follows. In Section 2, we describe the method to reduce the dimension. In Section 3, we determine the kernel explicitly in dimension 2, whenever a = 2/n. Finally, in Section 4, we find explicit formulas for the kernel in all even dimensions.
Reduction of dimension
with λ = (m − 2)/2. In the following lemma, we find the relation between K m a and K m+2 a .
Lemma 1 One has
Proof This follows immediately by applying the derivation formula for the Gegenbauer polynomials, see, e.g. [14, (4.7.14)], This lemma allows us to reduce the problem of determining the kernel to dimension 2, resp. 3. Precise formulas are given in the following proposition.
Proposition 1 When the dimension m = 2n is even, the kernel of the radially deformed FT is given by
When the dimension m = 2n + 1 is odd, the kernel of the radially deformed FT is given by
Proof Immediately, by repeated application of Lemma 1.
Remark 3 Note that, in the odd-dimensional case, we cannot reduce the problem to determining the kernel for m = 1. Indeed, in that case, the expansion in formula (4) is no longer valid.
The case of dimension 2
The kernel in dimension m = 2 is given by the expression for K m a (z, w) with λ = 0. We obtain
with w = cos θ . Here, we used the well-known relation [14, (4.7.8) ]
We now find a closed formula for
whenever a = 2/n with n ∈ N. We start by proving an important auxiliary result.
be an absolutely convergent Fourier series. Then, the series
a nk cos kt is given explicitly by
Proof By decomposing the formula to be proven into real and imaginary parts, we observe that it suffices to prove the statement for a k real. Under this assumption, consider the function
which satisfies F(t) = f (t). This function can be decomposed as
a nk+j e i(nk+j)t .
Observe that
In the last step, we used the fact that
The proof is now completed by observing that g(t) = F 0 (t/n).
We can now give a closed formula for the kernel when the parameter a = 2/n, with n ∈ N.
Theorem 2 A closed formula for the series
Proof The following expansion is well known:
see, e.g. [16] , Section 11.5. The application of Lemma 2 to formula (5) then yields the result.
In the following theorem, we give the kernel of the radially deformed Fourier transform in dimension 2 when a = 2/n and obtain its boundedness.
Theorem 3 Let a = 2/n, with n ∈ N. Then, the kernel
with w = cos θ is given in closed form by
and satisfies the bound
Proof Using Theorem 2, we obtain, with t = arccos w,
The bound given in the statement of the theorem now follows immediately.
We can simplify these formulas even further, depending on the parity of n. When n = 2k is even, we obtain, using basic trigonometric identities
In other words, the kernel is a real-valued function. This was to be expected from formula (2), as the eigenvalues of the radially deformed FT are all real in this case. When k = 1, the formula for the kernel reduces to
which is in correspondence with formula (3) for m = 2. Note that such expressions do not exist for k > 1, as this would require simple algebraic formulas expressing cos (t/2k) in terms of cos t.
When n = 2k + 1 is odd, we obtain in a similar way 
The kernel in even dimension
By combining with t = arccos w.
Note that the iterated derivative in this proposition can be computed explicitly. However, the result is not very nice and does not immediately yield a bound on the kernel for all even dimensions. Of course, when n = 2, one reobtains the result of formula (3) as can easily be checked.
